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There are three distinct generalized Gelfand]Graev representations of the
 .unitary group U 3, q . One is the regular representation and one is the usual
Gelfand]Graev representation. The third generalized Gelfand]Graev representa-
tion is the one we examine in this paper. Q 1998 Academic Press
INTRODUCTION
ÄLet G be a connected reductive algebraic group defined over a finite
ÄFfield F . Let G s G , the fixed points of F where F is a Frobeniusq
endomorphism. The generalized Gelfand]Graev representations were de-
w xfined by Kawanaka in 10, 11 . These representations are induced repre-
sentations from subgroups of the maximal unipotent subgroup U of G to
G. Given the finite reductive group G, one can attach to every unipotent
conjugacy class x of G an induced representation G . These inducedx
representations are called generalized Gelfand]Graev representations
since the regular unipotent class corresponds to the usual Gelfand]Graev
representation. The generalized Gelfand]Graev representations contain
irreducible representations that are not in the usual Gelfand]Graev
representations. Generalized Gelfand]Graev representations are of inter-
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est in the study of modular representations of finite groups of Lie type for
w x.example, in 9 . They are also used in character computations of p-adic
 w x.groups for example, in 1 .
Let U denote the subgroup of U used in the construction of a1.5
generalized Gelfand]Graev representation G . We can construct the Heckex
algebra H s eCGe where e is the central primitive idempotent of CU1.5 1.5
corresponding to a certain nontrivial linear representation of U . That is,1.5
< <y1 y1e s U c u u , .1.5
ugU1.5
.where c is a particular character of U . Unlike in the usual1.5
Gelfand]Graev representation situation, G is not necessarily multiplicityx
free. This implies the Hecke algebra is not necessarily commutative in this
generalized case.
 .In the case G s U 3, q , there are three distinct generalized
Gelfand]Graev representations. One is the regular representation and
one is the usual Gelfand]Graev representation, G, which is described in
w x12 . The third generalized Gelfand]Graev representation, G , is the one1.5
that is examined in this paper. Section 2 contains the calculation of the
standard basis of the Hecke algebra H . Starting in Section 3 we will1.5
assume that the characteristic of F is not 2 in order to simplify someq
w xcomputations. C. Curtis 4 proves a theorem dealing with the usual
Gelfand]Graev representation. In Section 3 a partial extension of this
 .theorem when G s U 3, q is proved. This allows us to calculate the
degree one irreducible characters of H in the later part of Section 3.1.5
 .The irreducible characters of U 3, q which occur with multiplicity 1 in G1.5
do not occur in G. Thus these degree one characters of H give us new1.5
 .information. The characters of U 3, q of degree greater than one that do
not occur with multiplicity 1 in G , occur in G. So combining the results in1.5
w xSection 3 of this paper with 4 we have formulas for the Hecke algebra
representations corresponding to all characters of degree greater than 1
 .for U 3, q .
This paper is the second in a sequence of three papers which are a part
of the author's doctoral dissertation at the University of Illinois at Chicago
 .although, it is meant to be self-contained . I particularly thank my Ph.D.
advisor Bhama Srinivasan. In addition, I thank Jonathan Alperin, Paul
Fong, David Radford, Steve Smith, Jeremy Teitelbaum, and the referee for
their suggestions. I also thank Henri Gillet for financial support in the
form of a research assistantship during my last semester at the University
of Illinois at Chicago.
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1. NOTATION AND PRELIMINARIES
1.1. Notation
 .  .Let F: GL 3, F ª GL 3, F denote the twisted Frobenius map, de-q q
q t y1 Ä .  . .  .fined by F a s a . From now on GL 3, F will be denoted by G.i j i j q
Let
0 0 1 0 0 1
FÄG s G s U 3, q . .0 y1 0 0 y1 0 /  /1 0 0 1 0 0
Ä ÄLet U denote the unipotent subgroup of G which consists of upper
unitriangular matrices. That is,
¡ ¦1 t u~ ¥ÄU s t , u , ¨ g F .0 1 ¨ q¢ § /0 0 1
ÄFLet U be the subgroup of G given by conjugating U by w where
0 0 1
w s .0 y1 0 /1 0 0
Then
¡ ¦1 t u
qq1 qq~ ¥2U s t , u g F and t s u q u .0 1 t q¢ § /0 0 1
From now on, the diagonal matrix
a 0 0
0 b 0 /0 0 c
w xwill be denoted by a, b, c . In addition, the element
0 0 a
0 b 0 /c 0 0
$
w xwill be denoted by a, b , c . Also an element
1 t u
q g U0 1 t /0 0 1
w xwill be denoted by t, u .
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There are three maximal tori in G up to conjugacy see, for example,
Äw x.12, Sect. 2.2 . These maximal tori are conjugate in G to the following
groups:
2yq q y1 qq1w xT s t , u , t t s 1, u s 1 50
2 3q yq q q1T s t , t , t t s 1 51
qq1 qq1 qq1w xT s t , u , ¨ t s 1, u s 1, and ¨ s 1 . 42
 .  .In this paper N x and T x will denote the norm and trace, respec-
tively, of an element x g F 2 to F .q q
 .1.2. A Generalized Gelfand]Grae¨ Representation of U 3, q
Let
2 qw x 2U s a, b a g F , b g F , a s b q b . 51.5 q q
Let
qw x 2U s 0, b b g F , b q b s 0 . 52 q
Fix any nontrivial linear character c of U . Since U is abelian and U is2 1.5 2
a subgroup of U , we can choose an extension of c to a character of U .1.5 1.5
Denote this extended character also by c . The induced character of c to
G will be denoted by G . Then G is a generalized Gelfand]Graev1.5 1.5
 w x.character see 8 . This induced character is independent of the choice
w x  .of extended character c 10, Lemma 1.3.6 . We have that G I s1.5
 .2 . 2 . w x.  . w x.q q q 1 q y1 q y q q 1 , G 0, b sy q qq1 , and G a, b s 0,1.5 1.5
for a / 0.
Ã G .Let G denote the set of irreducible characters of G. Let G s Ind eU
where e denotes any nontrivial linear character of U. Then G is the
 .  w x.non-generalized Gelfand]Graev character of G see 12 . Using the
Ãw xnotation of Ennola 7, pp. 29]32 we have that the x g G have
the multiplicities in G and G shown in Table I. Table I essentially1.5
w x  .  . .appears in 8, p. 27 except that Geck's table is for SU 3, q not U 3, q .
Notice that the characters x  t .2 and x  t, u.2 in Table I occur withq yq q yqq1
multiplicity 1 in G and do not occur in G.1.5
1.3. The Hecke Algebra
By definition, the Hecke algebra H s eCGe, where1.5
< <y1 y1e s U c u u. .1.5
ugU1.5
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TABLE I
Ãx g G Multiplicity in G Multiplicity in G1.5
 t .x 0 01
 t .x 1 02q yq
 t .x q 13q
 t, u.x 1 02q yqq1
 t, u.x q y 1 12qq yqq1.
 t, u, ¨ .x q y 2 12qy1. q yqq1.
 t, u.x q 13q q1
 t .x q q 1 12qq1. q y1.
Let N be a set of double coset representatives of U , U in G.1.5 1.5
 . < < < < < n <Let ind n s U nU r U s U : U l U for n g N. Let J s1.5 1.5 1.5 1.5 1.5 1.5
 < n n 4  .  4n g N c s c on U l U . Let c s ind n ene. Then c is a basis1.5 n n ng J
w xfor H called the standard basis of H 5, Proposition 11.30 . There is a1.5 1.5
 :bijection from the set of irreducible characters x of G such that x , G1.5
/ 0 to the set of all irreducible characters of H . This bijection is given1.5
w xby restriction from CG to H 4, Proposition 2.2 . Also the primitive1.5
 4central idempotents of H are ee where e is a primitive central1.5
 :idempotent of CG associated with a x such that x , G / 0.1.5
In the next section we will explicitly compute this basis of the Hecke
algebra H . Then Section 3 provides a description of the irreducible1.5
characters of H which correspond to the characters x of G such that1.5
 :  .x , G s 1 see Table I . That is, Section 3 provides a complete descrip-1.5
tion of the characters of H of degree 1.1.5
2. THE BASIS OF THE HECKE ALGEBRA H1.5
2.1. The Double Cosets of U , U in G1.5 1.5
ÄIn this section, the maximal torus T will be denoted by T. Let t0 u$
yqw x w xdenote the element t, u, t of T. Letting w s 1, y1, 1 , we get the
Bruhat decomposition:
G s UTU " UTwU.
Here " denotes the disjoint union. Note that the order of U is q2 and1.5
the order of U is q3 and that U is normal in U. Let z denote a fixed1.5
 . w x2 2element of F such that F s F z . Let x g F and let x s x z , y .Äq q q i q i i i
 .  .2Here y is some fixed element of F such that N x z s T y . In whati q i i
follows, the choice of y will not be important and thus it is not included ini
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 .the notation x . It will be convenient to choose y s 0 when x s 0. AlsoÄi i i
U s " x U s " U x .Ä Äi 1.5 1.5 i
x gF x gFi q i q
So we can break down the Bruhat decomposition into an expression
involving double cosets of U , U in G:1.5 1.5
G s UTU " UTwU s U x Tx U " U x Twx U .Ä Ä Ä ÄD D1.5 i j 1.5 1.5 i j 1.5 /  /
x , x gF x , x gFi j q i j q
The problem is that these cosets are not in general distinct. The following
theorem describes which of the cosets need to be discarded in order to get
a distinct but complete list.
THEOREM 2.1. We ha¨e
Ä ÄG s " U t U " " U x t UÄ1.5 u 1.5 1.5 i u 1.5 /  /Ä Ät gT x gF , t gTu i q u
yqq1 2 yqq1 2t /u t su
Ä" " U x t wx U .Ä Ä1.5 i u j 1.5 /x , x gFi j q
Ät gTu
Sketch of Proof. This theorem is proved by showing the following
results in the order given. The proofs of these results involve looking at the
structure of the cosets combined with some counting arguments. The
details are omitted.
2.2. Using the notation described abo¨e, U x Twx U s U x Twx UÄ Ä Ä Ä1.5 i j 1.5 1.5 k l 1.5
if and only if x s x and x s x .i k j l
< < 4Ä Ä2.3. U x t wx U s q where t g T.Ä Ä1.5 i u j 1.5 u
Ä yqq1 2 Ä Ä2.4. Let t g T be such that t / u . Then U x t x U s U t UÄ Äu 1.5 i u j 1.5 1.5 u 1.5
for any x , x g F . Also, if x, y g T then U xU s U yU if and only ifi j q 1.5 1.5 1.5 1.5
x s y.
yqq1 2 < < 3Ä Ä2.5. Let t g T be such that t / u . Then U t U s q .u 1.5 u 1.5
Ä yqq1 2 Ä2.6. Suppose t g T and x g F are gi¨ en. If t s u then U x t sÄu i q 1.5 i u
Ät x U for some x g F .Äu j 1.5 j q
yqq1 2 Ä Ä2.7. If t s u then U x t x U s U x t U for some x g F .Ä Ä Ä1.5 i u j 1.5 1.5 k u 1.5 k q
yqq1 2 < <Ä Ä2.8. Let t g T be such that t s u . Let x g F . Then U x t UÄu i q 1.5 i u 1.5
s q2.
JULIANNE G. RAINBOLT50
Ä Ä2.9. Let t , t g T so that1 2
yq yqÄ Ät s t , u , t and t s t , u , t1 1 1 1 2 2 2 2
 .  .2for some t , t , u , u g F where N u s N u s 1. Suppose further that1 2 1 2 q 1 2
yqq1 2 Ä Ät s u for k s 1, 2. Then U x t U s U x t U if and only ifÄ Äk k 1.5 i 1 1.5 1.5 j 2 1.5
Ä Äx s x and t s t .i j 1 2
Combining Results 2.2]2.9 proves Theorem 2.1.
2.2. The Basis of the Hecke Algebra
An immediate application of the above results gives the following
lemma.
 . < <  < y1 <.  .LEMMA 2.10. Let ind x s U r U l xU x . Then ind x s1.5 1.5 1.5
Ä yqq1 2q if x s t where t / u 2.11 .u
Ä yqq1 21 if x s x t where t s u 2.12 .Äi u
2 Äq if x s x t wx . 2.13 .Ä Äi u j
Let T denote the following subset of T :b
2 2w xT s t , u , t t / u , N t s N u s 1 . .  . 4b
Let T denote the subset of T :c
2 2w xT s t , u , t t s u , N t s N u s 1 . .  . 4c
THEOREM 2.14. Let
2 Äa s q e x t wx e,Ä Ä /i , j , t i u ju
Äb s qet e,t uu
and
Äc s et e.t uu
 < 4ÄThen a , b , c x , x g F , t g T , x g T , and y g T is a basis of thei, j, t x y i j q u b cu
Hecke algebra H .1.5
Ä ÄProof. First let x s x t wx for some x , x g F and some t g T.Ä Äi u j i j q u
 . y1Then ind x exe s a by the previous lemma. Also U l xU x s I,i, j, t 1.5 1.5u
the identity matrix. Thus xc s c on U l xU xy1. This implies the a1.5 1.5 i, j, tu
Äare elements of the standard basis for all x , x g F and all t g T.i j q u
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yqq1 2  .Ä ÄNow let x s t where t / u . Then ind x exe s qet e. Also,u u
y1 w xU l xU x s 0, s T s s 0 . 4 .1.5 1.5
w x  .Let y s 0, s for some s such that T s s 0. Then
y1 w qq1 xxyx s 0, t s .
 y1 .  . y1 qq1Thus c xyx s c y for all y g U l xU x if and only if t s 1.1.5 1.5
qq1 yqq1 2 ÄNote that t s 1 implies that t s t . Thus the elements qet e foru
yqq1 2 Ät / u are elements of the standard basis if and only if t g T .u b
Ä Ä yqq1 2Now let x s x t for some t such that t s u . In this case,Äi u u
U l xU xy1 s U .1.5 1.5 1.5
w x y1Let y s a, b with a g F so that y g U . Then xyx sq 1.5
y1 y1 q y1 q 2 qq1Ä Äx t y x t s tu a, y y tu ax z y x zÄ Ä .  .i u i u i i i
qq1 qqt b q t uax z q y .i i
But x 2z qq1 s y q y q. Thusi i i
y1 y1 y1 q qq1 qxyx s tu a, ytu ax z q t b q t uax z .i i
 y1 .  . qq1 qSo c xyx s c y for all y g U if and only if t b q t uax z y1.5 i
y1 q  .  .2tu ax z s b for all a g F , b g F , N a s T b . In particular, thisi q q
must be true for a s 0. So t qq1b s b for all b such that b q bq s 0. Thus
t qq1 s 1 and thus t 2 s u2. So that b q t quax z y tuy1ax z q s b. But thisi i
implies, since t 2 s u2, tuy1ax z s tuy1ax z q for all a g F . But z q / z ,i i q
Ä yqq1 2thus x s 0. Thus the elements ex t e for t s u are elements of theÄi i u
Ästandard basis if and only if t g T and x s 0.u c i
2 2 . .Notice that the number of elements in this basis is q q y 1 q q 1 q
 .  . .  .2 3 2 .2 q q 1 q q q 1 q y 1 s q q 1 q y q q 1 .
3. GENERALIZED GELFAND]GRAEV
REPRESENTATIONS
3.1. A Partial Extension of Curtis’ Theorem
Recall the description of the notation U, U , G , and c used in1.5 1.5
Sections 1 and 2. Recall that the characters x  t .2 and x  t, u.2 of Gq yq q yqq1
occur with multiplicity 1 in G . In the following we will construct the1.5
corresponding representations of H for these two families of characters.1.5
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We will need to prove a result that is a generalization of Curtis' theorem
w xstated in 4, Theorem 4.2 . In the situation where an irreducible character
of a group occurs with positive multiplicity in the induced representation,
G , we can obtain similar formulas to the ones that occur in Curtis'1.5
theorem. His theorem expresses the characters of the Hecke algebra for
 .the non-generalized Gelfand]Graev representations in terms of sums
involving Deligne]Lusztig generalized characters.
 .Let M denote the set of elements in G such that ind m eme is an
element of the standard basis of the Hecke algebra H described above1.5
 4for m g M. Throughout this section we will let c sm m g M
  . 4ind m eme denote the standard basis of H . First we will prove twomg M 1.5
lemmas.
LEMMA 3.1. Suppose that x is an irreducible character of G such that
 :x , G / 0. Then the irreducible character, f x , of H corresponding to x1.5 1.5
is gi¨ en by
ind m . y1f c s c ¨ x ¨m . .  .  .x m < <U1.5 ¨gU1.5
 : Proof. Since x , G / 0, f is just the restriction of x to H . See,1.5 x 1.5
w x .for example, 5, Theorem 11.25 . Thus
f c s x c s x ind m eme .  .  . .x m m
ind m 1 . y1 y1s x c u um c ¨ ¨ .  . < < < < /U U1.5 1.5ugU ¨gU1.5 1.5
ind m . y1 y1s c u x ¨ um¨ .  .2< <U u , ¨gU1.5 1.5
ind m . y1s c u x um . .  .< <U1.5 ugU1.5
The above lemma is really just an application of taking the convolution
 w x.  .product of x and c see, for example, 5, p. 280 . That is, f c sx m
 .  ..ind m x ? c m where ? denotes the convolution product of x and c .
Ä ÄLet T be an F-stable maximal torus of G and let u be an irreduciblei
ÄFcharacter of T s T . We need to determine expressions for thei i
Deligne]Lusztig generalized characters RG in terms of the irreducibleT , ui
characters of G. Recall that the character u is in general position if no
Ä F Ä .  .non-identity element of the Weyl group W T fixes u , where W T si i
Ä Ä .N T rT . We have thati i
F vG G ÄR , R s v g W T u s u . .  5T , u T , u ii i
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w x G2, Theorem 7.3.4 . Thus if u is in general position then R s "x forT , ui
some irreducible character x of G. The sign can be determined by
knowing that RG is equal to 1 on the regular unipotent conjugacy classT , ui
w x6, Lemma 14.45 . Also, for any u ,
dim RG s G:T . . p9T , u ii
w x G  . G  . G .2, Theorem 7.5.1 . Furthermore, for any u , R u s R u s Q uT , u T , 1 Ti i iw x  Gfor u g U 2, pp. 210]212 . Here Q denotes the Green function, whichT
G . G  . is defined for all unipotent elements u g G by Q u s R u see, forT T , u
w x. .example, 2, p. 212 .
In this section let
1 1 0
a s 0 1 0 /0 0 1
and
1 1 0
b s .0 1 1 /0 0 1
First consider T s T . Let t be a generator of the multiplicative groupi 0
FU2 and let u be a generator of a subgroup of FU2 of order q q 1. Let d beq q
 2 .a complex primitive q y 1 st root of unity and e be a complex primitive
 . U  . j2q q 1 st root of unity. Let a be the character of F defined by a t s d .j q j
Let b be the character of the subgroup of order q q 1 defined byk
 . k 2b u s e . Then a , j s 1, . . . , q y 1 and b , k s 1, . . . , q q 1 are thek j k
irreducible characters of FU2 and the subgroup of order q q 1, respectively.q
 .  .  .ÄLet u be the character of T defined by u t s a t b u wherej, k 0 j, k u j k
Ä 2t g T is as defined in the previous section. The u for j s 1, . . . , q y 1u 0 j, k
Ä F .and k s 1, . . . , q q 1 are the irreducible characters of T . Now W T s0 0$
 4 w xT , wT where w s 1, y 1, 1 . Thus u is in general position if and only0 0 j, k
 .  yq .if a t / a t . First suppose that u is in general position. We havej j j, k
that
dim RG s G:T s q3 q 1. . / p9T , u 00 j , k
Then since
RG 1 s q3 q 1, RG a s 1, and RG b s 1 .  .  .T , 1 T , 1 T , 10 0 0
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we must have that RG s x m , n.3 for some m, n. Now suppose that uT , u q q1 j, k0 j, k
 G G . Gis not in general position, then R , R s 2, so that R isT , u T , u T , u0 j, k 0 j, k 0 j, k
either the sum or the difference of two irreducible characters. By examin-
ing the character table, we see that, in this case RG is either the sumT , u0 j, k
of x m. and x m.3 for some m or the sum of x m , n.2 and x m , n.2 for1 q qq yqq1. q yqq1
some m, n. In summary:
¡ m. m.31 x q x for some m s 1, . . . , q q 1, . 1 q
if a t s b u and u is .  .j k j , k
not in general position;
m , n. m , n.
2 22 x q x for some m , n s 1, . . . , q q 1; . qq yqq1. q yqq1
n / m ,
G ~ if a t / b u and uR s  .  .j k j , kT , u0 j , k
is not in general position;
m , n.
33 x for some m s 1, . . . , q q 1; . q q1
2n s 1, . . . , q y 2;
n k 0 mod q y 1 , if u is in . j , k¢ general position.
3Now consider T s T . Let t be an element of F of order q q 1. Let di 1 q
 3 .be a complex primitive q q 1 st root of unity. Also let u be thei3q q1 i < 4  .character of the group R s x g F x s 1 defined by u t s d forq i
i s 1, . . . , q3 q 1. Then, since T is isomorphic to the subgroup generated1
by t, the u can be viewed as the irreducible characters of T . Notice thati 1
Ä F q 2 .  .  .W T is a cyclic group of order 3. Also notice that if u t s u t then1 i i
 .  yq .u t s u t and conversely. Thus if u is not in general position, wei i i
 G G . Gmust have that R , R s 3. Thus in this case R must be aT , u T , u T , u1 i 1 i 1 i
linear combination of three distinct irreducible characters of G and the
coefficients in the linear combination must be "1. Also
dim RG s G:T s q q 1 q2 y 1 .  .  . . p9T , u 11 i
and
RG 1 s y q q 1 q2 y 1 , RG a s q q 1, and .  .  . .T , 1 T , 11 1
RG b s 1. .T , 11
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Thus the character table for G shows that
¡ m. m. m.2 34 x y x y x for some m s 1, . . . , q q 1, . 1 q yq q
if u is not in general position;i
G m. 3~
2R s 5 yx for some m s 1, . . . , q ; .T , u qq1. q y1.1 i
2m k 0 mod q y q q 1 , .¢ if u is in general position.i
Now consider T . Fix an element, u of order q q 1. Let a , b , g be2 i j k
U  . i2characters of the subgroup of F of order q q 1 defined by a u s e ,q i
and similarly for b and g for i, j, k s 1, . . . , q q 1. Let t and ¨ be twoj k
Äother distinct elements of order q q 1. Let t denote the element of Tu 2¨
which has t, u, and ¨ on the diagonal in that order. Then let u bei, j, k
 .  .  .  .Ädefined by u t s a t b u g ¨ . The u are the irreducible char-i, j, k u i j k i, j, k¨ Ä F .acters of T . Notice that W T ( S since the elements in this Weyl2 2 3
group act on T by permuting the entries on the diagonal. Fix a , b , and2 i j
 G G .  .  .  .g . We have that R , R s 6 if a t s b u s g ¨ . Thus ink T , u T , u i j k2 i, j, k 2 i, j, k
this case, RG is either a linear combination of six distinct irreducibleT , u2 i, j, k
characters of G all with coefficients "1 or RG is a sum of threeT , u2 i, j, k
distinct irreducible characters of G with coefficients "1, "1, and "2.
 .  .  .Now if only two of a t , b u , and g ¨ are equal we have thati j k
 G G . GR ,R s 2. So in this situation R will be the sum of twoT , u T , u T , u2 i, j, k 2 i, j, k 2 i, j, k
irreducible characters of G with coefficients "1. Also
dim RG s G:T s q y 1 q2 y q q 1 .  .  . / p9T , u 22 i , j , k
and
RG 1 s y q y 1 q2 y q q 1 , RG a s 1 y 2 q , and .  .  . .T , 1 T , 12 2
RG b s 1. .T , 12
Thus the character table for G shows that
¡ m. m. m.2 36 x q 2 x y x for some m s 1, . . . , q q 1, . 1 q yq q
if a t s b u s g ¨ ; .  .  .i j k
m , n. m , n.
2 27 x y x for some m , n s 1, . . . , . q yqq1 qq yqq1.
q q 1; n / m ,
G ~R s if only two of a t , b u , .  .T , u i j2 i , j , k
and g ¨ are equal; .k
 l , m , n.
28 yx for some l , m , n s 1, . . . , . qy1. q yqq1.
q q 1,¢ if u is in general position.i , j , k
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The above implies that the characters x  t .2 and x  t, u.2 do not occurq yq q yqq1
as unique common constituents of G and RG for a fixed torus T and1.5 T , u ii
  . G m. m. m.2 3character u . For example, in case 6 above R s x q 2 x y xT , u 1 q yq q2
 m. :  m. : .2 3and both x , G / 0 and x , G / 0. In contrast, given a pairq yq 1.5 q 1.5
Ã G .  :  :T , u there exists a unique x g G such that x , G / 0 and x , Ri T , ui
/ 0. This difference between the usual Gelfand]Graev representation and
w xG is one of the main reasons that Curtis' theorem 4, Theorem 4.21.5
cannot be applied directly.
m , n  G m , nLet u be an irreducible character of T such that R ,0 0 T , u0 0m , n. : m , n2x s 1. Similarly let u be an irreducible character of T suchq yqq1 2 2
 G m , n. : mm , n 2that R , x s 1, u be any irreducible character of T suchT , u q yqq1 1 12 2
 G m. : mm 2that R , x s y1, and u be any irreducible character of TT , u q yq 2 21 1
 G m. :m 2such that R , x s 2. More generally, letT , u q yq2 2
¡ m , n m ,n.2u if x s x and i s 00 q yqq1
m , n m , n.
2u if x s x and i s 22 q yqq1~u si , x m m.
2u if x s x and i s 11 q yq
m m.¢ 2u if x s x and i s 2.2 q yq
This notation for the irreducible characters of the T will be used through-i
out the rest of this section.
The above calculations immediately give us the following lemma.
LEMMA 3.2. We ha¨e
3 x  t .2 s RG t y RG t .q yq T , u T , u2 2 1 1
and
2 x  t , u.2 s RG t , u q RG t , u , .q yqq1 T , u T , u0 0 2 2
where u is as defined abo¨e.i, x
 4Recall that the set c contains three types of basis elements:m mg M
2 Ä Äa s q e x t wx e, such that x , x g F and t g T ,Ä Ä /i , j , t i u j i j q uu
Ä Äb s qet e, such that t g Tt u u bu
and
Ä Äc s et e, such that t g T .t u u cu
Call these basis elements of the first, second, and third type, respectively.
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ÄIf c is of the first type then m s x t wx for some x , x , t, and u. LetÄ Äm i u j i j
Äx s x q x and let m s x t w. If c is of the second or third type letÃ Äk i j k u m
m s m. Now when ¨ g U notice that x ¨x s ¨x where x q x s x .Ã Ä Ä Ä1.5 j i k i j k
This fact will be used in the following proof.
THEOREM 3.3. We ha¨e
ind m .
 t .3 f c s . x m2q yq U C t .1.5 G 2t gT2 2
= y1 C  t . y1 tG 2c ¨ Q g¨mg u t .  . .Ã . T 2 2u2
¨gU1.5
ggG
y1 .g¨mg stÃ s 2
ind m .
y  U C t .1.5 G 1t gT1 1
= y1 C  t . y1 tG 1c ¨ Q g¨mg u t . .  . .Ã . T 1 1u1
¨gU1.5
ggG
y1 .g¨mg stÃ s 1
Proof. Within this proof x  t .2 will be denoted by x . Suppose c is ofq yq m
 .Ä 2the first type. Then m s x t wx for some x , x g F , t, u g F , N u s 1.Ä Äi u j i j q q
Let x s x q x . Thenk i j
ind m . y1 Äf c s c ¨ x ¨x t wx .  . Ä Ä  /x m i u j< <U1.5 ¨gU1.5
ind m . y1 y1Äs c ¨ x x ¨x t wx x . Ä Ä Ä Ä  /j i u j j< <U1.5 ¨gU1.5
ind m . y1 Äsince ¨x s x ¨x s c ¨ x ¨x t w .Ä Ä Ä Ä . /k j i k u< <U1.5 ¨gU1.5
ind m . y1s c ¨ x ¨m . .  .Ã< <U1.5 ¨gU1.5
Thus, since in addition m s m when c is of the second or third type, forÃ m
all three types of basis elements
ind m . y1f c s c ¨ x ¨m . .  .  .Ãx m < <U1.5 ¨gU1.5
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Then by the Lemma 3.2,
ind m . y1 G G
t t3 f c s c ¨ R ¨m y R ¨m . .  .  .  .Ã Ã  .x m T , u T , u2 2 1 1< <U1.5 ¨gU1.5
w xThen using the formula 2, Theorem 7.2.8
y1y1G C  g x g . y1 y1G sR x s C x Q g x g u g x g , .  .  .  .T , u G s T u s
ggG
y1gx g gTs
we get that
ind m .
3 f c s . x m U C t .1.5 G 2t gT2 2
y1 C  t . y1 tG 2= c ¨ Q g¨mg u t .  . .Ã . T 2 2u2
¨gU1.5
ggG
y1 .g¨mg stÃ s 2
ind m .
y  U C t .1.5 G 1t gT1 1
y1 C  t . y1 tG 1= c ¨ Q g¨mg u t . .  . .Ã . T 1 1u1
¨gU1.5
ggG
y1 .g¨mg stÃ s 1
THEOREM 3.4. We ha¨e
ind m .
 t , u.2 f c s . x m2q yqq1 U C t .1.5 G 0t gT0 0
y1 C  t . y1 t , uG 0= c ¨ Q g¨mg u t .  . .Ã . T 0 0u0
¨gU1.5
ggG
y1 .g¨mg stÃ s 0
ind m .
q  U C t .1.5 G 2t gT2 2
y1 C  t . y1 t , uG 2= c ¨ Q g¨mg u t . .  . .Ã . T 2 2u2
¨gU1.5
ggG
y1 .g¨mg stÃ s 2
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Proof. The proof of this theorem is similar to that of the previous
 .  .  t .2theorem. Replace T respectively T by T respectively T and x2 1 0 2 q yq
 t, u.
2by x .q yqq1
Thus in order to explicitly determine the homomorphisms it is necessary
to first determine when ¨m and t g T have the same characteristicÃ i i
equations. This will be done in the next subsection. But first consider the
following lemma, which simplifies many of the calculations.
LEMMA 3.5. Suppose that the characteristic of F is not 2. Then thereq
q  .2 2exists a z g F such that z q z s 0 and F s F z .q q q
U 2  . .2Proof. F is a cyclic group of order q y 1 s q y 1 q q 1 . Since qq
 . 2is odd, q q 1 is even. Thus 2 q y 1 divides q y 1. Let z be a generator
U  . qy12of a cyclic subgroup of F of order 2 q y 1 . Thus z s y1. That is,q
q q  . 2z q z s 0. Also since z / z , z f F . Thus F : F z : F and F /q q q q q
 .  . 2F z . Thus F z s F .q q q
Note. For the rest of this section we will assume the characteristic of Fq
 .2 2is not 2 and z is a fixed element of F such that F z s F andq q q
z q z q s 0.
3.2. The Characteristic Equations of t g Ti i
Let ¨ g U , t be an element of a maximal torus of G, and m, m be asÃ1.5 i
described in the previous subsection. In this subsection we will investigate
when ¨m and t have the same characteristic equation. The next proposi-i
tion is trivial but it is stated for future reference.
PROPOSITION 3.6. Let c be a basis element of the second or third type som
w x  .  .2that m s m, l, m for some m, l g F with N l s N m s 1. Let ¨ gq
U . Let1.5
2yq q yqÄ Äw xt s t , u , t g T , t s t , t , t g T ,u 0 1
and
Ä w xt s t , u , ¨ g T .u 2¨
Ä yqThen ¨m and t ha¨e the same characteristic equation if and only if t s t su
Äm and u s l. Also ¨m and t ha¨e the same characteristic equation if and only
Äif t s m s l. Furthermore, ¨m and t ha¨e the same characteristic equationu¨
if and only if two of the three elements t, u, ¨ equal m and one of t, u, ¨
equals l.
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ÄNow suppose c is a basis element of the first type. Then m s x t wxÄ Äm i u j
Äfor some t g T and some x , x g F . But by the previous subsection weu 0 i j q
Äonly need to consider m s x t w for x g F since when x q x s x ,Äk u k q i j k
 2 .  2 .  t .  t, u.Ä Ä 2 2f q ex t wx e s f q ex t we for x s x or x .Ä Ä Äx i u j x k u q yq q yqq1
w x w xPROPOSITION 3.7. Let ¨ s r, s g U , m g T and let z s a, b, c gÄ1.5 l 0
T . Then ¨x m w and z ha¨e the same characteristic equation if and only ifÄ Äi k l
myq y q myq rx z q q myq s y l s a q b q c 3.8 .k k
myqq1l s abc. 3.9 .
Proof. Equating coefficients of the characteristic equations gives the
above formulas plus a third formula arising from the linear term of the
characteristic equations. Then use the fact that r 2 s s q sq and that
w xa, b, c is an element in a maximal torus to show the redundancy of this
third formula.
wThe following lemma, which is a modification of Carter's lemma 3, p.
x w x500 , is proved in 12 .
Äw x w xLEMMA 3.10. Let a, b, c g G, u s r, s g U, and m g T . SupposeÄl 0
w xthat um w and a, b, c ha¨e the same characteristic equation. Then r s 0 ifÄl
w xand only if yl is an eigen¨alue of a, b, c .
w xCOROLLARY 3.11. Let x g F , m g T , ¨ s r, s g U , and z sÄk q l 0 1.5
w xa, b, c . Suppose that ¨x m w and z ha¨e the same characteristic equation.Ä Äk l
Then r q x z s 0 if and only if yl is an eigen¨alue of z.k
w q xProof. Let u s ¨x . So u s r q x z , y q rx z q s which is an ele-Äk k k k
ment of U.
PROPOSITION 3.12. Using the same notation as in Lemma 3.10, suppose
that ¨x m w and z ha¨e the same characteristic equation. Then yl is anÄ Äk l
eigen¨alue of z if and only if x s I and r s 0.Äk
Proof. First suppose that x s I and r s 0. Then x s r s 0 so clearlyÄk k
r q x z s 0. Thus, by the above corollary, yl is an eigenvalue.k
Now suppose yl is an eigenvalue of z. Then by the corollary r q x z sk
0. Thus r q s yx q z q. But, since r, x g F , this implies r s yx z q. Thusk k q k
x z s x z q. But then since z q / z we get that x s 0 and by choice ofk k k
y , y s 0. Thus x s I and ¨x s ¨ . Thus, by applying Lemma 3.10 again,Ä Äk k k k
r s 0.
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3.3. The Homomorphisms f : H ª Ci, x 1.5
Ã  t .2Suppose that x g G, the irreducible characters of G, and x s x orq yq
 t, u.  .2x . To simplify notation let f denote the map defined by f c sq yqq1 i, x i, x m
ind m . y1 C  t . y1G ic ¨ Q g¨mg u t . .  . .Ã .  T i , x iuiU C t .1.5 G it gT ¨gUi i 1.5
ggG
y1 .g¨mg stÃ s i
Then by Theorems 3.3 and 3.4 we have that
3 f  t . s f  t . y f  t .x 2, x 1, x2 2 2q yq q yq q yq
and
2 f  t , u. s f  t , u. q f  t , u. .x 0, x 2, x2 2 2q yqq1 q yqq1 q yqq1
Throughout this subsection fix a x such that x is equal to one of the
characters x  t .2 or x  t, u.2 . In this subsection we will describe f forq yq q yqq1 i, x
i s 0, 1, and 2. Combining these descriptions we get the 1-dimensional
characters f  t . and f  t, u. .x x2 2q yq q yqq1
THEOREM 3.13. Let c be a fixed element of the basis of the Heckem
w xalgebra of the second or third type so that m s m, l, m for some m, l such
 .  .that N m s N l s 1.
Then for i s 0,
y1 y1 qw xf c s ind m q q q c yr , s u m , .  .  . .i , x m 0, x
2 y1 .r ss 1yl m
if m / l
and
f c s qu m , if m s l. .  .i , x m 0, x
For i s 1,
f c s 0, if m / l .i , x m
and
f c s y q q 1 u m , if m s l. .  .  .i , x m 1, x
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Also, for i s 2,
y1 y1 qw xf c s ind m q q q c yr , s .  .  .i , x m
rgFq
2 y1 .r ss 1yl m
w x w x w x= u m , l, m qu m , m , l qu l, m , m , if m / l2, x 2, x 2, x
and
f c s y q y 2 u m if m s l. .  .  .i , x m 2, x
Proof. The following is a proof for the case i s 0. The cases where
 .i s 1 and i s 2 are analogous and thus omitted. We have that f c s0, x m
ind m . y1 C  t . y1Gc ¨ Q g¨mg u t . .  . . .  T 0, xu0U C t .1.5 GtgT ¨gU0 1.5
ggG
y1 .g¨mg sts
 y1 . ÄBy Proposition 3.6, if g g G, ¨ g U , and g¨mg s t then t s m and1.5 s u
Ä Äu s l. So the only t g T in the above sum is t s m.u 0 u
 . CGm. GFirst assume that m s l. Then C m s G so Q s Q . AlsoG T T0 0
 .ind m s 1. Thus
y2 < <y1 y1 G y1f c s q G c ¨ Q g¨mg u m . .  .  . . .0, x m T 0, xu0
¨gU1.5
ggG
y1 .g¨mg sms
 y1 .  y1 . y1But g¨mg s m for all ¨ g U , g g G and g¨mg s g¨g sinces 1.5 u
 .m g Z G . So
y2 < <y1 y1 G y1f c s q G c ¨ Q g¨g u m .  .  . . .0, x m T 0, xu0
¨gU1.5
ggG
s qy2 c ¨y1 QG ¨ u m . .  .  . T 0, x0
¨gU1.5
w x  y1 . G .Now consider ¨ s r, s g U . If s s r s 0 then c ¨ s 1 and Q ¨1.5 T03 G . w xs q q 1. If s / 0 then Q ¨ s 1 2, Chap. 7 . SoT0
qy2 c ¨y1 QG ¨ u m .  .  . T 0, x0
¨gU1.5
s qy2 c ¨y1 q c I q3 q 1 u m .  .  . . 0, x /¨gU1.5
¨/I
s qu m . .0, x
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 y1 .Now suppose l / m. Then g¨mg s t g T for some g g G if ands 0
only if ¨m and t have the same characteristic equation. But this can
 .happen if and only if m s t. Thus f c s0, x m
ind m . y1 C m. y1Gc ¨ Q g¨mg u m . .  . . . T 0, xu0U C m .1.5 G ¨gU1.5
ggG
y1 .g¨mg sms
 .Let H be the subgroup of G isomorphic to U 2, q given by2
a 0 b
H s .0 1 02  5 /c 0 d
Also let S be the subgroup of G isomorphic to the subgroup of FU22 q
consisting of the elements of norm 1 given by
qq1w xS s 1, w , 1 w s 1 . 42
 .  .Then C m s H = S . Thus f c sG 2 2 0, x m
ind m . y1 H =S2 2c ¨ Q ¨m u m . .  .  . . uT 0, x0< <U1.5 ¨gU1.5
H 2=S 2 . H 2=S 2 .But Q x s 1 unless x is semisimple and Q x s q q 1 whenT u T u0 0w xx is semisimple 2, Chap. 7 . So we must determine under what conditions
¨m is semisimple. If r s s s 0 then ¨m s m is semisimple. If r s 0 but
s / 0 then by directly multiplying out the matrices we observe that
g¨mgy1 / m for any nonsingular g. Thus ¨m is not semisimple. Finally if
r / 0 a straightforward computation shows that ¨m is semisimple if and
y1 qy1 2 q 2  y1 .only if yl m s s . Note that since r s s q s , r s s 1 y l m when
yly1m s sqy1.
Combining the above, we get that when l / m,
ind m .
qw xf c s c I q q 1 q c 0, s .  .  .  .0, x m 2q qsqs s0
s/0
qy1 y1 w q xq d s , yl m c yr , s q q 1 . . .
q 2sqs sr
r/0
qy1 y1 qÃ w xq d s , yl m c yr , s u m . . . 0, x
q 2sqs sr
r/0
y1 y1 qw xs ind m q q q c yr , s u m . .  . . 0, x
2 y1 .r ss 1yl m
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Ã .Here d denotes the Kronecker delta and d a, b s 1 if a / b and 0 if
a s b.
In the proofs in the remainder of this section the terminology ``t is of
 .type a, b, c '' will mean t is a diagonal matrix with distinct elements on
the diagonal.
In the below theorem let
1 if i s 0¡
q q 1 if i s 1
~1 if i s 2 and the eigenvalue occurs with multiplicity 1k si
q q 1 if i s 2 and the eigenvalue occurs with multiplicity 2¢y2 q q 1 if i s 2 and the eigenvalue occurs with multiplicity 3.
w xTHEOREM 3.14. Let t s a, b, c g T for i s 0, 1, or 2. Let c be ai m
basis element of the first type, so that c s q2ex m wx e for some x , x g FÄ Ä Äm i l j i j q
 . qand some m g T . Let a s a q b q c q l m . Suppose that yl is anÄl 0 t, mÄl
eigen¨alue of t. Then
ind m . y1 C  t . y1Gc ¨ Q g¨mg u t .  . .Ã . T i , xuiU C t .1.5 G ¨gU1.5
ggG
y1 .g¨mg stÃ s
y1
s k d N t , N m c 0, a u t . .  . .Ä .  .i l t , m i , xÄl
Proof. As in the proof of the above theorem, only the proof for the
 .case i s 0 is given. First suppose that t is of type yl, yl, yl . But since
yl is an eigenvalue, we have by Proposition 3.12 that r s 0 and x s I.Äk
w xAlso by Proposition 3.7 we have that for ¨ s r, s g U in the above sum1.5
s s y2lmq. That is, the only possible ¨ in the above sum is ¨ s
w q x0, y2lm . Note that this ¨ is an element of U .1.5
y1  y1 .Clearly, in this case, g¨mg is not semisimple. Thus g¨mg / 1, soÃ Ã u
G y1 . .Q g¨mg s 1. Thus for t of this typeÃT u0
ind m . y1 G y1c ¨ Q g¨mg u t .  . .Ã . T 0, xu0< < < <U G1.5 ¨gU1.5
ggG
y1 .g¨mg stÃ s
y1y1 q< < w xs G c 0, y2lm u t . . 0, x
ggG
y1 .g¨mg stÃ s
y1qw xs d N t , N m c 0, y2lm u t , .  . . .Ä .l 0, x
by Proposition 3.7.
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 yq .  . CG t .Now suppose t is of type t , yl, t . Then C t s T , so Q s 1.1 1 G 0 T0
 . yq yqAlso by 3.8 of Proposition 3.7, m s y l s t q y l q t . Thus1 1
 yq . qs s t q t m . Thus the only possible ¨ in the above sum is ¨ s1 1
w  yq . q x0, t q t m .1 1
Thus for t of this type
ind m . y1 C  t . y1Gc ¨ Q g¨mg u t .  . .Ã . T 0, xu0U C t .1.5 G ¨gU1.5
ggG
y1 .g¨mg stÃ s
y1y1 yq q< <s T c 0, t q t m u t . . .0 1 1 0, x
ggG
y1 .g¨mg sts
y1yq qs d N t , N m c 0, t q t m u t . .  . . .Ä .  .l 1 1 0, x
 .  .Now suppose t is of type t , yl, t . Then C t s H = S . Also by1 1 G 2 2
 . q3.8 of Proposition 3.7, s s 2 t m . Thus1
q¨ s 0, 2 t m g U1 1.5
and this is the only ¨ in the above sum for t of this type. Now the proof of
w x y1Theorem 2.35 in 12 shows that g¨mg is not semisimple for this ¨ . ThusÃ
H 2=S 2 y1 . .Q g¨mg s 1. Thus for t of this typeÃT u0
ind m . y1 C  t . y1Gc ¨ Q g¨mg u t .  . .Ã . T 0, xu0U C t .1.5 G ¨gU1.5
ggG
y1 .g¨mg stÃ s
y1y1 qs C t c 0, 2 t m u t .  . .G 1 0, x
ggG
y1 .g¨mg stÃ s
y1qs d N t , N m c 0, 2 t m u t . .  . .  .Ä .l 1 0, x
 .  .Finally, suppose t is of type yl, t , yl . Then C t s H = S and2 G 2 2
 . qs s t y l m . So2
q¨ s 0, t y l m g U . .2 1.5
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Thus for t of this type
ind m . y1 C  t . y1Gc ¨ Q g¨mg u t .  . .Ã . T 0, xu0U C t .1.5 G ¨gU1.5
ggG
y1 .g¨mg stÃ s
y1y1 qs C t c 0, t y l m u t .  .  . .G 2 0, x
ggG
y1 .g¨mg stÃ s
y1qs d N t , N m c 0, t y l m u t . .  .  . .Ä .  .l 2 0, x
One significant change in the proof that has to be made when considering
the case i s 2 is that the Green function will no longer always be one.
w xTHEOREM 3.15. Let t s a, b, c g T . Let c be a basis element of thei m
first type, so that c s q2ex m wx e for some x , x g F and some m g T .Ä Ä Ä Äm i l j i j q l 0
 . qAgain let a s a q b q c q l m . But now suppose that yl is not ant, mÄl
eigen¨alue of t. Then
ind m . y1 C  t . y1Gc ¨ Q g¨mg u t .  . .Ã . T i , xuiU C t .1.5 G ¨gU1.5
ggG
y1 .g¨mg stÃ s
y1w xs d N m , N t c r , a y y u t . .  . .Ä .  .l t , m k i , xÄl
rgFq
2  .  .r sT a yT yt , m kÄl
Proof. Again, the proof of the case i s 0 is the only case given.
 yq . CG t . T0If t is of type t , t , t then Q s Q s 1. Suppose that t is of1 2 1 T T0 0
 .  . y1type t , t , t or t , t , t . Then by directly examining the matrix g¨mg ,Ã1 1 1 1 2 1
y1 H 2=S 2 . G . T0 .note that g¨mg is not semisimple. Thus Q x , Q x and Q xÃ T u T u T u0 0 0
 y1 .equal 1 for all x s g¨mg in the above sum.Ã
Thus for any t g T with yl not an eigenvalue of t,0
ind m . y1 C  t . y1Gc ¨ Q g¨mg u t .  . .Ã . T 0, xu0U C t .1.5 G ¨gU1.5
ggG
y1 .g¨mg stÃ s
< <y1 y1s C t c ¨ u t . .  .  .G 0, x
¨gU1.5
ggG
y1 .g¨mg stÃ s
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Now by Proposition 3.7, this sum is not empty if and only if s s t q1
yq . q q  .  .t q t q l m y y y rx z and N m s N t . Also we must have thatÄ2 1 k k l
r 2 s s q sq
s t q t q tyq q l mq y y y rx z q .1 2 1 k k
q t q q ty1 q ty1 q ly1 m y y q y rx z .1 2 1 k k
s t q t q tyq q l mq q t q q ty1 q ty1 q ly1 m y y q y q .  . .1 2 1 1 2 1 k k
q 2  .  .since z q z s 0. Thus r s T a y T y . Thust, m kÄl
y1 y1C t c ¨ u t .  .  .G 0, x
¨gU1.5
ggG
y1 .g¨mg sts
y1w xs d N m , N t c r , a y y u t . .  . .Ä .  .l t , m k 0, xÄl
rgFq
2  .  .r sT a yT yt , m kÄl
In the following theorem we will use the usual Kronecker delta notation.
 .  .In addition, let d a, b, c s 1 if a s b s c otherwise d a, b, c s 0. Also
Ã Ã .  .let d a, b, c s 0 if a s b s c otherwise d a, b, c s 1. In addition, we
will be using the analogous notation for four elements.
THEOREM 3.16. Let c be a basis element of the first type, so thatm
c s q2ex m wx e for some x , x g F and some m g T . ThenÄ Ä Ä Äm i l j i j q l 0
y1w xf c s c r , a y y u t .  . . 0, x m t , m k 0, xÄl
tgT rgF0 q
2 .  .N t sN mÄ  .  .r sT a yT yl t , m kÄl
and
y1
f c s qd t , yl c 0, a .  .  .1, x m 1 t , mÄl
tgT1
 .  .N t sN mÄl
y1w xq c r , a y y u t . . t , m k 1, xÄl
rgFq
2  .  .r sT a yT yt , m kÄl
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and
f c s q d t , t , yl q d t , t , yl q d t , t , yl .  .  .  .2, x m 1 2 1 3 2 3tgT2
 .  .N t sN mÄl
y1
y3qd t , t , t , yl c 0, a .  .1 2 3 t , mÄl
y1w xq c r , a y y u t . . . t , m k 2, xÄl 0rgFq
2  .  .r sT a yT yt , m kÄl
Proof. By Theorems 3.14 and 3.15,
y1
f c s d N m , N t d t , yl c 0, a .  .  . .Ä .  .0, x m l i t , mÄl
tgT0
y1Ã w xqd t , yl c r , a y y u t . .  . .i t , m k 0, xÄl
rgFq
2  .  .r sT a yT yt , m kÄl
2  .  .But when t s yl or t s yl, r s T a y T y s 0 by Proposition1 2 t, m kÄl
 .3.12. Thus f c s0, x m
y1w xd N m , N t c r , a y y u t . .  . .Ä .  . l t , m k 0, xÄl
tgT rgF0 q
2  .  .r sT a yT yt , m kÄl
The proofs for the cases i s 1 and i s 2 are analogous.
3.4. The Homomorphisms f  t . and f  t, u.x x2 2q yq q yqq1
Now recall that 3 f  t . s f  t . y f  t . . First let c be a basis ele-x 2, x 1, x m2 2 2q yq q yq q yq
ment of the second or third type. By Theorem 3.13,
3 f  t . c s 2 y q u  t . m q q q 1 u  t . m , if m s l .  .  .  .  .x m 2, x 1, x2 2 2q yq q yq q yq
and
y1 y1 q t . w x3 f c s ind m q q q c yr , s .  .  .x m2q yq
rgFq
2 y1 .r ss 1yl m
 t .  t .w x w x= u m , l, m q u m , m , l .  .2, x 2, x2 2q yq q yq
 t . w xqu l, m , m , if m / l. .2, x 2q yq
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Now suppose that c is a basis element of the first type. Then, bym
Theorem 3.16,
3 f  t . c .x m2q yq
s q d t , t , yl q d t , t , yl q d t , t , yl .  .  . 1 2 1 3 2 3tgT2
 .  .N t sN mÄl
y1
y3qd t , t , t , yl c 0, a .  .1 2 3 t , mÄl
y1
 t .w xq c r , a y y u m . . t , m k 2, x 2Äl q yq0rgFq
2  .  .r sT a yT yt , m kÄl
y1
y qd t , yl c 0, a .  .1 t , mÄl
tgT1
 .  .N t sN mÄl
y1
 t .w xq c r , a y y u t . . . t , m k 1, x 2Äl q yq
rgFq
2  .  .r sT a yT yt , m kÄl
Also recall that 2 f  t, u. s f  t, u. q f  t, u. . First suppose that c isx 0, x 2, x m2 2 2q yqq1 q yqq1 q yqq1
a basis element of the second or third type. Then, by Theorem 3.13,
2 f  t , u. c s qu  t , u. m q 2 y q u  t , u. m , if l s m .  .  .  .x m 0, x 2, x2 2 2q yqq1 q yqq1 q yqq1
and
y1 y1 q t , u.  t , u.w x2 f c s ind m q q q c yr , s u m .  .  . .x m 0, x2 2q yqq1 q yqq1
rgFq
2 y1 .r ss 1yl
y1 y1 w q xq ind m q q q c yr , s .  . /rgFq
2 y1 .r ss 1yl m
 t , u.  t , u.w x w x= u m , l, m q u m , m , l .  .2, x 2, x2 2q yqq1 q yqq1
 t , u. w xqu l, m , m , .2, x 2q yqq1
if m / l.
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Now assume that c is a basis element of the first type. Then, bym
Theorem 3.16,
2 f  t , u. c .x m2q yqq1
y1
 t , u.w xs c r , a y y u t . .  t , m k 0, x 2Äl q yqq1
tgT rgF0 q
2 .  .N t sN mÄ  .  .r sT a yT yl t , m kÄl
q q d t , t , yl q d t , t , yl q d t , t , yl .  .  . 1 2 1 3 2 3tgT2
 .  .N t sN mÄl
y1w xy3qd t , t , t , yl c r , a .  .1 2 3 t , mÄl
y1
 t , u.w xq c r , a y y u t . . . t , m k 2, x 2Äl q yqq10rgFq
2  .  .r sT a yT yt , m kÄl
These two families of characters, f  t . and f  t, u. , are all the degree 1x x2 2q yq q yqq1
characters of H .1.5
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